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Abstract 

The Concepts of poly-Bernoulli numbers Bn"^ , poly-Bernoulli polynomials B^{t) and the 
generalized poly-bernoulli numbers Bn\a, h) are generalized to B^\t, a, b, c) which is called 
the generalized poly- Bernoulli polynomials depending on real parameters a,b,c .Some prop- 
erties of these polynomials and some relationships between 5^ , Bn^ (t) , Bn^ (a, b) and 
Bi^\t,a,b, c) are established. 



1. Introduction 

In this paper we shall develop a number of generalizations of the poly-Bernoulli numbers 
and polynomials , and obtain some results about these generalizations. They are fundamental 
objects in the theory of special functions. 

Euler numbers are denoted with Bk and are the coefficients of Taylor expansion of the 
function ,as following; 

t ^ 



k=0 



The Euler polynomials En{x) are expressed in the following series 



k=0 



for more details, see [l]-[4]. 
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In [10], Q.M.Luo, F.Oi and L.Debnath defined the generalization of Euler polynomials 
Ek{x, a, b, c) which are expressed in the following series : 

2_^Ek{x,a,b,c)- 



6* + a* ^ ' ' ' ^k\' 

k=0 



where a^b,c e Z+.They proved that 
/) for a = 1 and b — c — e 

E,{x + 1) = J2(^Aej{x), (1) 
i=o ^ ^ 

and 

Ek{x + 1) + Ek{x) = 2x\ (2) 

//) for a = 1 and b — c , 

Ek{x + 1,1, b,b) + Ek{x,l,b,b) = 2x\lnb)\ (3) 

In[5], Kaneko introduced and studied poly-Bernoulli numbers which generalize the clas- 
sical Bernoulli numbers. Poly-Bernoulli numbers Bn^ with k G Z and n G Af, appear in the 
following power series: 

l-e-« ^ » nV ^ ' 



n=0 



where k & Z and 



m=l 



SO for k < 1, 



z 



Lii(z) — — ln(l — z),Lio(z) = , Li_i 



1-z' (l-^)''"' ■ 

Moreover when A; > 1, the left hand side of (*) can be wrriten in the form of "interated 
integrals" 
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e*^^ / [ ...^^ / -±-^dtdt...dt 

e* - 1 Jo e* - 1 Jo e* - 1 Jo e* - 1 



n=0 

In the special case, one can see Bn"* = B^- 

Definition 1 The poly-Bernoulli polynomials, Bn\t) , are appeared in the expansion of ^'''^^^^^ -' e^* 
as following, 



1 — e ^ n 

n=0 

/or more details, see [6] — [11]. 

Proposition 1 (Kaneko theorem[6]) The Poly-Bernoulli numbers of non-negative index k 
,satisfy the following 



n+i (-l)'"-i(m-l)! 



4" = (-1)" E ^> (5) 



n 



m=l 



and for negative index k, we have 



min(n,k) f '\ f i 

j=0 ■' ^ 



(6) 



1=0 



5^(-iy r m,n>0 (7) 



Definition 2 Lei a, 6 > and a ^ b. The generalized poly- Bernoulli numbers Bn\a,b), 
the generalized poly- Bernoulli polynomials Bn \t, a, b) and the polynomial Bn \t, a, b, c) are 
appeared in the following series respectively; 

Li,{l-iab)-') _^ BL'\a,b) ^ 2n 

ht-a-i ^ n\ ' ' |lna + ln6|' ^ ^ 

n=0 ' I 



Li,{l-{abr') ^,_^ Bi'\x,a,b) 27r 

bt-a-^ ^ n\ ' ' llna + ln^r 

n=0 ' ' 



Lik{l-{ab) ^) t ^ ^ Blt\x,a,b, c) 27r 
bt-a-i ^ n\ ' ' llna + lnftl 

n=0 ' ' 



2. The main theorems 

We present some recurrence formulae for generalized poly-Bernoulli polynomials. 

Theorem 1 Let x e R and n > 0. For every positive real numbers a,b and c such that c 
and b> a , we have 

Bf\a, b) = X^(-l)'-'(ln a + In 6)<(ln 6)'-' ( ^ \ Bf\ 

5f (x;a,6,c) = ( ['^ \ (In c)"-'sf V, ^)^"-', 



5^*^) (x + 1; a, 6, c) = S^*^^ (x; ac, ^ , c) , 



B^^\t)^B^\e'+\e-% 

In 6 + a; Inc. 



Bl^\x,a,b,c) = (lna + ln6)"SW(- 



In a + In 6 



Proof:By applying definition 2, we have 
(11) 



Lit(l-(a6)-') _y, Bi'='(a,6) ^„ 
6* — a~* n! 



n=0 



?)t y ]^ g— tlnob y \ ]^ p—t{lnab) 
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y.B'a ^ (t^^) (In a + In 6)"^ 
^ " V In a + In 6 / ^ ^ n\ 



Therefore 



(12) 

L^,(l - (a6)-*) _ 1 |^ L^fe(l-(a6)^^) j ^ (^E ^(-1)'^') ^(fe) Qn a + In 6)" ^, ' 



¥ — a * 6* V 1 — e 



So we have 



5f)(a,6) = V(-l)-'-'(lna + ln6)Xln6)^-' ( ^ ) sf^ 



i=0 



(13) 



^ c"^ = 2^ a^, a, b, c) - 

0^ — a ^ n! 

n=0 



J=0 ■/ \i=0 



oo I 

!!((-!)! 



/=0 i=0 



E(E(r)('-')"-'A<'='(a.^x"-'J^. 



(14) 
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Likjl-jab) ^ Likil-jab) *) ^^, 

6* — a~* 6* — a~* 



— ac ~* " cm 



cj ~ ^."'W n=0 



(15) 
so, 

(16) we can write 



5f (^) = 5f (e*-^\e-*). 



II,: I / 1 7( f / I I I 1 7,f / I ^ 

n=0 



^ 1^ l-e-*(i-"^) ^ V lna + ln6 J n\ 



so 

) {X, a, b, c) = (In a + In 6)«5f ) (^^^^^ 



Theorem 2 Let x e M , n > 0. For ever?/ positive real numbers a,b such that a ^ b and 
b > a > 0, we have 



B^^\x+y,aAc) = E ( T ) c)"-'5P(x; a, 6, c)|/«-^ = E ( T ) anc)'^-'i?f ^(i/, a, 6, c)a;"-'. 
1=0 ^ ^ z=o ^ ^ 

(17) 



Proof: We have 



W — a ^ ^-^ n\ 

n=0 
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^n=0 / \ i=0 



n=0 \l=0 ^ ^ / ■ 



SO we get 



Likjl - {abf) j,^,^, ^ Li,{l - jab)-' 
b* — a~* 6* — a~* 



n=0 \/=0 ^ ^ / ■ 



Theorem 3 Let x G M and n > Q.For every positive real numbers a,b and c such that a ^ b 
and b > a > 0, we have 

Blt\x; a, 6, c) = ( ; ) (In c)"-'sf ^ (^^^^^) (In a + In bYx^'^ (18) 
Bi'\x;a,b,c) = ^^(-l)^"^' ( J" ) ( M (In c)"-^(ln 6)'-^(ln a + In x'^-^ (19) 



Proof: 

(18) By applying Theorems 1 and 2 we know , 



(a:;a,6,c) = E ( J" ) (In c)"-'^^ (a, 6)x"-' 



and 

Bi'\a,b) = (^^^^)(lna + ln6)" 

The relation (18)will follow if we combine these formulae. 
(19) proof is similar to(18). 



Now,we give some results about derivatives and integrals of the generalized poly-Bernoulli 
polynomials in the following theorem. 
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Theorem 4 Let x e M..If a, b and c > , a b and b > a > ,For any non-negative integer 
I and real numbers a and j3 we have 



d''Bn\x,a,b,c) n\ 



{In cyBi%{x,a,b,c) 



dx^ 



{n-l)\ 



(20) 



I Bl^\x,a,b,c)dx 

J a 



1 



[Bi'l,{/3, a, b, c) - B':>_,{a, a, b, c)] (21) 



(n + 1) Inc 



Proof: By applying (20) and (21) can be proved by induction on n. 

In [9] , Gl-Sang Cheon investigated the classical relationship between Bernoulli and Euler 
polynomials, in this paper we study the relationship between the generalized poly-Bernoulli 
and Euler polynomials. 



Theorem 5 For b > we have 

)(a: + yA,b,b)^^f2(l) ^^n'\y, 1, b, b) + B^J:-\y + 1, 1, 6, 6)]K_,(a;, 1, 6, b). 

k=0 ^ ^ 

Proof: We know 

Bi'^\x + y,l,b,b) = f2(l) ^)""'^^^(^; 1' ^' ^)^"'' 

fe=o ^ ^ 



and 



Ek{x + y, 1, b, b) + Ek{x, 1, 6, b) = 2a:^(ln bf 



So, We obtain + y, 1, 6, b) 



r ) (ln6)"-'=5f^(2/;l,6,6) ^^^^(K_,(x,l,6,6) + £;„_,(x+l,l,6,6)) 



[En-k{xAAh) + ^Y.{] ^^E,{x,l,b,b) 



-li2(l)Bk'\y;W)Er.-k{x,l,b,b) 

k=0 ^ ^ 
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+i E ( " ) ^.fe 1. ") E ( r ' ) ^^'(^- ") 



So we have 



5f )(x + 1, = ^ E ( ^ ) [i^^^y, 1, b, b) + + 1, 1, 6, 6)]^„-,(x, 1, b, b). 

Corollary 1 /n theorem 5, if we set ki — 1 and b — e, we obtain 

Bn{x) = ( r ) BkEn-k{x). 

(fe=0),(fe^l) ^ ^ 

For more detail see [7]. 

Acknowledgement: The authors would like to thank the referee for has valuable com- 
ments concerning theorem 5. 
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